The failure modes of reinforced concrete (RC) beams strengthened in shear with fiber reinforced polymer (FRP) sheets or strips are not well understood as much as those of RC beams reinforced with steel stirrups. When the beams are strengthened in shear with FRP composites, beams may fail due to crushing of the concrete before the FRP reaches its rupture strain. Therefore, the effective strain of the FRP plays an important role in predicting the shear strength of such beams. This paper presents the results of an analytical and experimental study on the performance of reinforced concrete beams strengthened in shear with FRP composites and internally reinforced with conventional steel stirrups. Ten RC beams strengthened with varying FRP reinforcement ratio, the type of fiber material (carbon or glass) and configuration (continuous sheets or strips) were tested. Comparisons between the observed and calculated effective strains of the FRP in the tested beams failing in shear showed reasonable agreement.
Introduction
Fiber Reinforced Polymer (FRP) is a relatively new class of composite material manufactured from fibers and resins and has proven efficient and economical for the development and repair of deteriorating structures in civil engineering.
The strength of FRP-strengthened RC members is influenced by the type of fibers, fiber directions, fiber distributions, and bond schemes. The effectiveness of FRP is maximized by bonding the external FRP reinforcement parallel to the direction of principal tensile stress.
FRP bond schemes (e.g. side bonding, U jacketing, wrapping) can also result in different shear capacity of FRP-strengthened RC members. Detailed investigations on the shear strengthening of RC members have been relatively limited, and many questions regarding the strengthening mechanism are yet to be resolved. With a few exceptions, most researchers have idealized the FRP materials as being analogous to internal steel stirrups, assuming that the contribution of FRP to shear capacity emanates from the capacity of the fibers to carry tensile stresses at a more or less constant strain, which is equal to or lower than the FRP ultimate tensile strain. Current national code provisions are available for designing elements externally bonded with FRP, and many experimental tests have been carried out in this field of research.
Both experimental evidences and code suggestions indicate that a performance improvement can be realized, but even if a lot of solutions are possible, their performances and beneficial effects are not yet quantified [1] . Table 1 shows various equations (see Eq. 1 to 5) developed by others to estimate the effective strain of FRP ( fe ε ) at shear failure. Recently, Teng et al. [2] tested nine FRPstrengthened RC beams: three as control specimens, three with bonded FRP full wraps, and three with FRP full wraps left unbonded to the beam sides. The test results showed that the unbonded FRP wraps had a slightly higher shear strength capacity than the bonded FRP wraps.
In addition, Deifalla and Ghobarah [3] tested six half-scale beams externally bonded with FRP composites constructed using a specially designed test setup in order to investigate the strengthening techniques for beams subjected to combined shear and torsion. Test results indicated that externally bonded CFRP strengthening schemes enhanced the shear and torsion carrying capacities of RC beams. Grande et al. [4] tested fifteen RC beams strengthened in shear by externally bonded fiber-reinforced plastics (FRP) sheets to study the influence that the geometrical percentage of transverse steel reinforcement could had on the FRP resisting action. The experimental investigation indicated the variability of the FRP shear resisting action over the amount of the transverse steel reinforcement. In particular, the FRP shear resisting action was generally smaller in beams with closer stirrups. Fico et al. [5] studied the assessment of Eurocode design equations for the evaluation of the shear strength of FRP RC members, as proposed by the guidelines of the Italian Research Council. Li et al. [6] tested sixteen RC beams with or without FRP composites to study the shear strengthening effect.
The experimental results indicated that the shear comtribution of FRP composites was influenced by the applied FRP composite area, the spacing between the steel stirrups, and the longitudinal steel bar diameter of the RC beams. Although there are many proposed equations to determine fe ε , it is generally agreed that the effective strain of FRP is difficult to predict solely by rigorous analysis because fe ε is influenced not only by matierial properties but also by the shear failure modes of strengthened RC members.
This research aims to investigate the effective shear strain of the FRP used as shear strengthening material in beams that show two different shear failure modes. Included in the study are the stresses and strains of concrete, steel stirrup, and FRP at shear failure.
Research significance
The shear failure modes of FRP strengthened concrete beams are quite different from those of the beams strengthened with steel stirrups. This paper presents the results of an experimental and analytical study on the performance of reinforced concrete beams externally wrapped with FRP composites and internally reinforced with steel stirrups. In this investigation, emphasis was placed on the effective strain of the materials (concrete, FRP, and steel bars) of the FRP shear strengthened RC beams at peak load (ultimate stage).
Effective strain of the FRP

Failure modes of RC beams shear-strengthened with FRP composites
The failure modes of RC beams shear-strengthened with FRP composites are more complex than those of RC beams reinforced with conventional steel stirrups. Debonding of FRP composites or concrete crushing, before yielding of the steel stirrups, cause brittle failure. On the other hand, concrete crushing or FRP rupture, after yielding of the steel stirrups, cause ductile failure modes. In this paper, we define the two latter failure modes as:
Failure mode 1: concrete crushing after yielding of the steel stirrups. ) should be calculated by using the effective strain of FRP ( fe ε ), because the stress of the FRP at shear failure does not reach its rupture strength ( fr f ). However, for the beams exhibiting failure mode 2, the stress of the FRP at shear failure can be replaced by its rupture strength.
FRP debonding failure is one of the main failure modes for RC beams strengthened in shear with externally bonded FRP. The separate treatment of FRP debonding and FRP rupture is essential to develop accurate shear strength models because the failure mechanism of FRP debonding is quite different from that of FRP rupture [10] . This paper placed emphasis on presenting a model to predict the effective strain of RC beams shear strengthened with FRP wraps failing in Failure mode 1 or 2 without debonding.
FRP ratio at the balanced shear failure
The following is the most widely used expression to calculate the shear capacity of FRPstrengthened RC beams, n V :
where c V , s V , and f V are the shear resistance contributions of concrete, steel stirrups, and FRP, respectively. Based on the truss model, the shear resistance contribution of FRP can be derived as follow,
where fe ε is the effective strain of FRP when a RC member reaches its shear capacity; f E is the elastic modulus of FRP; f ρ is the FRP reinforcement ratio; w b is the minimum width of cross section; d is the effective depth of cross section; θ is the diagonal crack angle; and α is the angle between principal fiber orientation and longitudinal axis of the member.
As indicated by the test results in the literatures, the strain distributions of the FRP composites were not uniform and the strain concentrations occurred near the locations of diagonal cracks. In this study, the assumption of continuous material was applied to the compatibility aided truss model to get the effective strain of FRP because the stress (or strain) distributions of the FRP composites are not uniform. Thus, all the stresses and strains involved in this model are the average (or smeared) stresses and average (or smeared) strains.
The effective strain of the FRP at shear failure was related to the amount of shear reinforcement and the failure mode. In this paper, the effective strain of the FRP at shear failure was formulated starting with the FRP reinforcement ratio corresponding to a balanced shear failure. Fig. 1 shows the stress conditions of the FRP strengthened RC beams after the formation of diagonal cracks. Based on the well-known variable-angle truss models in which the angle θ of the cracks in concrete is assumed to be equal to the angle of the principal compressive stress of concrete, the tensile force tv tv f ρ in the stirrup must counteract the vertical component of the diagonal compressive strut under the equilibrium conditions, and the required FRP reinforcement ratio can be estimated as:
( ) 
where fb ρ is the FRP reinforcement ratio required for a balanced shear failure.
The angle θ of the diagonal cracks in Eq. (4) can be determined using Mohr's strain circle as shown in Fig. 3 
Several equations [11] [12] [13] [14] gave the constitutive relationships of cracked concrete in the principal compressive and tensile directions of concrete. In this study, the effective compressive strength of concrete proposed by Collins et al. 7) will be adopted as below:
The effective compressive strength coefficient of concrete v of Eq. (7) was originally formulated to predict the shear strengths as well as the deformations of RC membrane elements, such as panels, subjected to shear and normal loads. The equation was also utilized to predict the shear behavior of RC beams [16, 17] .
The equilibrium conditions for the longitudinal stresses must satisfy the following Eq. (8): 
Calculation of the effective strain of the FRP
As mentioned in the early part of this paper, for the beams showing failure mode 1, the concrete crushes before the stress of the FRP reaches its rupture strength. Therefore, the effective strain of FRP at shear failure can now be determined by replacing fb fr f
For the failure mode 1 beams,
For the failure mode 2 beams,
In Eq.(10a), ' c vf and θ can be calculated by replacing fr ε with f ε in Eqs. (7) and (6) Table 2 .
To be able to define the shear strength of RC beams, the effective compressive strength coefficient of concrete v , the normal strain in longitudinal direction l ε , and the angle θ of the diagonal cracks should be calculated from Eqs. (6), (7), and (9), respectively. This will then allow the effective strain of the FRP, fe ε , to be determined using Eq. (10). Eq. (2) is then used to calculate the shear resistance contributions of FRP, f V .
Test program and measurements
Test specimens
A total of 10 RC beams with the same cross-sectional dimensions were strengthened by FRP-wrap and tested to investigate the effectiveness of FRP at shear failure in detail. The proposed equation (10) is applicable to predict the effective strain of the FRP in RC beams that fail due to crushing of the concrete or FRP rupture without debonding (or premature failure/ peeling off). Therefore the test beams were strengthened by FRP wrapping and designed to prevent debonding failure. The overall dimensions, arrangement of reinforcement, and loading system are shown in Fig. 5 . Three parameters were considered in this investigation: FRP reinforcement ratio, the type of fiber materials (carbon "C" or glass "G") and configuration (continuous sheets "C" or strips "S"). All beams were reinforced with ten bottom 25.4mm steel bars (D25 steel bar) and five top 25.4mm steel bars. The longitudinal tensile reinforcement ratio of all beams was 0.0367. The shear reinforcement consisted of 9.53mm steel stirrups (D10 steel bar) spaced each 200mm. The ratio of steel stirrups was 0.00204. The yield strengths of D25 and D10 steel bars were 524.5 MPa and 300.0 MPa, respectively. All beams were designed to share the same shear span-to-depth ratio ( / a d =3).
The specimens were cast in formworks of which four corners were rounded at radius of 10mm. These round corners were necessary to alleviate stress concentraion which causes premature failure of the external FRP. The beams were removed from the forms after 72
hours. The beams were cured at room temperature for a sufficient period. After curing the beams, the surfaces of the specimens were cleaned using an electric grinder, and primer was applied to the surfaces of the beams. The FRP sheets were then placed using the epoxy (Epondex by Hankuk Carbon Co. Ltd.) after the primer had completely dried.
One concrete batch was used to cast all the beams at the same time. Concrete cylinders were tested on the first and the last day of beam testing. Each test consisted of three cylinders. The average concrete strength of the two cylinder tests was 35.0MPa.
Specifications of specimens are given in Table 3 . Mechanical properties of the FRP composites and the longitudinal steel rebars used in this investigation are shown in Table 4 .
Loading system and measurements
The specimens were simply supported and were subjected to a concentrated load at midspan. Electrical strain gages were installed on the surfaces of the steel bars and FRP sheets to record the strains during the test, as shown in Fig. 5 . Because the strain gages can measure only one point strain of stirrups or FRP sheets, five linear displacement transducers (LVDTs)
were attached to each face of the beam near the shear critical region to measure the longitudinal, transverse, and shear average strains of each region. It is noted that the effective strain in Eq. (10) is not the maximum strain but the average strain derived from the compatibility aided truss model. An additional LVDT was placed under the beam at mid-span to measure the deflection of the beam.
Test Results
All beams failed in shear before flexural yielding, except beam C2 which failed in shear after flexural yielding. Premature failure due to local fracture or debonding of the FRP did not occur in any of the specimens. In the beams strengthened with FRP sheets (beams in C-or Gseries), obvious diagonal cracks were not observed at a lower load level because of the presence of the FRP sheets. As the applied load increased, part of the FRP close to the diagonal cracks was torn apart, producing noise. In some specimens, partial debonding of the FRP occurred near the critical shear crack or on the edge of the beam though, eventual failure occurred due to crushing of the concrete. At onset of the concrete failure, strain measurements by strain gages and LVDTs indicated that the FRP did not reach its full tensile capacity.
Load-deflection curves
The beams strengthened with glass-FRP strips showed flexural cracks near the bottom surface of the beam close to mid-span. The formation of these cracks was also reflected in the load-deflection curve as a sudden reduction in the stiffness of beams. The test results including the shear strength of the beam and the failure modes are shown in Table 3 .
The load-deflection curves of the 10 RC beams are presented in Figs. 6 (a) through (c) .
The strengths of the beams increase with an increasing amount of FRP sheets and strips.
Enhanced behaviors of FRP strengthened beams are not only observed in the strength but also in the deflection corresponding to the peak load, leading to higher energy dissipation capacity.
As an example, the peak load and the corresponding deflection of beams C1 and C2, which were strengthened with one layer and two layers of carbon FRP, respectively, are 1,206.3kN 
Strain distributions of the FRP, the steel stirrups, and the LVDTs
The strain distributions of the FRP composites and steel stirrups just prior to shear failures of some beams (C1, G1, GS1, and GS5), which are considered to represent typical strain distributions of all specimens, are shown in Fig. 8 . The figures also include the vertical strains measured by the LVDTs attached to the beams. Because the strain gages can measure only one point strain of stirrup or FRP sheet, the effective strains of FRP calculated by Eq. (10) were also compared with the average strains measured from LVDTs. In Fig. 8 , The strains in the transverse direction of all beams at the peak loads are presented in Table 3 . (7), (9), and (10) are listed in Table 5 .
Comparison between the experimental and calculated results
Effective strain of the FRP
As the amount of FRP ( f fr f ρ ) increases, the effective strain of the FRP decreases.
Accordingly, the effective compressive strength of concrete and the longitudinal axial strain of the beam are correspondingly reduced due to the decrease in fe ε .
To further verify the applicability of the proposed method in predicting the effective strain of FRP, the predicted values of the proposed method were compared with the experimental results of FRP strengthened reinforced concrete beams [17, [19] [20] [21] [22] Table 1 were also compared with the observed ones as listed in as predicted by these equations were about 27.5%.
Shear strength of beams
Twenty two more RC beams [18, 23 & 24] reported in the technical literature were added to the 29 beams in Table 7 To define the shear strength of RC beams, the effective strain of the FRP, fe ε , were calculated from the equations in Table 1 shear strength of the 51 beams are shown in Fig. 12 and summarized in Table 7 . 
Conclusions
The effective strain of the FRP plays an important role in predicting the shear strength of RC beams strengthened with FRP composites. In this paper, the effective strains of the FRP used as strengthening material in RC beams were studied. Ten RC beams strengthened by FRP were tested and the strain of the FRP composites was measured at specified load The proposed method was capable of predicting the effective strain of the FRP in the RC beams that fail due to crushing of the concrete or FRP rupture without debonding. Thus further rigorous research containing the effect of bond failure on the effective strain of the FRP composites is needed.
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